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LE‘ITER TO THE EDITOR 

Correlation functions in the two-dimensional Ising model with 
large-scale inhomogeneity caused by a line defect 

R Z Bariev 
Physico-Technical Institute, Academy of Sciences of the USSR, Kazan 420029, USSR 

Received 3 October 1988, in final form 21 February 1989 

Abstract. Exact results are obtained for the local magnetisation and correlation functions 
of the two-dimensional Ising model with a line defect which produces large-scale 
inhomogeneity in its vicinity. It is shown that near the critical point the correlation functions 
exhibit a non-scaling behaviour. 

The two-dimensional Ising model with a line defect was proposed by Fisher and 
Ferdinand (1967) and has been studied by many authors. This model is characterised 
by the fact that the interaction constants for the nearest-neighbour pair on a single 
line are changed by an amount A with respect to their bulk value. Fisher and Ferdinand 
(1967) found that the incremental specific heat due to this line defect diverges linearly 
as T + T,. Bariev (1979) studied the local magnetisation near this line and found the 
local non-universal behaviour that manifests itself in the fact that the critical exponent 
P is a continuous function of the microscopic parameter A ( T  < Tc) 

(1) 
2A A ’ =  1 

( S )  - TP P = P ( A ) = ~ [ c o s - I ( - t a n h  A’)]’ 
2 r  kT, sinh(2Jl kT,) 

where T = 11 - T /  T,I and J is the bulk interaction constant. McCoy and Perk (1980) 
found that on the defect line the spin-spin correlation function decays as a power 
with a non-universal exponent 77 

(SOCISNO)- N-’ 77 = 2P(A). (2) 
It was shown (Bariev 1979, Fisher 1981) on the basis of a phenomenological approach 
(Kadanoff and Wegner 1971) that the local non-universality of the model with a line 
defect is due to the fact that the scale dimensionality of the perturbation APer coincides 
with its physical dimensionality d‘ (Aper = d‘ = 1). 

Hilhorst and van Leeuwen (1981) and Blote and Hilhorst (1983) later found the 
local non-universal behaviour in the semi-infinite Ising model with large-scale 
inhomogeneity on a boundary. This model is characterised by the fact that the 
interaction constants close to the boundary are changed with respect to their bulk 
value. The deviations decay as - ,+ /nu with the distance n from the boundary. In this 
case the local magnetisation and spin-spin correlation function have a non-universal 
behaviour on the boundary of system for Q = 1 

( S )  - P I  (sOOsNO) - N-’ 2P =2P(A) = ~ ( h )  = 1 +A’.  (3) 

The non-universal behaviour in this case was explained by Burkhard (1982) and 
Gordery (1982). 
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Recently Bariev (1988), on the basis of a phenomenological approach, considered 
the local critical behaviour of the d-dimensional system near the inhomogeneous 
large-scale internal d'-dimensional defect. The value characterised the strength of the 
defect decay as -A/n"  with the distance n from the defect. In particular this theory 
predicts that in the case 

A per =d-cy=d '  (4) 
the local magnetisation and correlation function near the defect have non-scaling 
behaviour. For the two-dimensional Ising model with inhomogeneity caused by a line 
defect we have 

( 5 )  

where s d  is a constant. In our case Sd = A'/27rA. The non-scaling form manifests itself 
in the fact that the local magnetisation has non-power dependence on T and the 
correlation function has non-power dependence on distance. In this situation these 
functions do not have the critical exponents. 

Our aim is to test the prediction of the phenomenological theory ( 5 )  on the basis 
of exact results which we obtain for the two-dimensional Ising model with a line defect 
causing large-scale inhomogeneity. 

~ - [ 1 / 4 + 2 A S ,  In N + O ( A 2 1 ]  
( S C d N , )  - 1/8-ASd In 7 + 0 ( A ' )  ( S )  - 7 

The Hamiltonian of the model under consideration is given by 

where S,, is the spin variable connected with a lattice site having coordinates m and 
n and taking on values * l .  The energies of vertical coupling J2 are constant, but the 
energies of horizontal coupling are inhomogeneous with the following function of 
distribution 

Thus provided A f 0 there is line defect in the zeroth column of the lattice. This defect 
produces inhomogeneous large-scale variations of the horizontal coupling J1( n ) .  For 
a + 03 the present model coincides with that considered by Bariev (1979) and in the 
case J , ( n )  = O  ( n  <O) with the model proposed by Blote and Hilhorst (1983). In this 
paper we consider the case a = 1 and analyse on the basis of exact results the asymptotic 
behaviour of local magnetisation and correlation function (S,SNo) in the zeroth column 
of the lattice. 

Because the lattice is reflection symmetric about the zeroth column this correlation 
function can be presented as an N x N Toeplitz determinant, so that 

(8) 
where the elements ai may be calculated by the methods developed in the earlier papers 
(McCoy and Wu 1973, Bariev 1979) 

(sOOsNO) = det 1) ajk 1) :;LO a j K  = aj+ 

aj = (27r)-' dB e-i'ecp(eie) 

cp(eie) = T(eie)[qo(eie) + k(eie)][ 1 + k(e-'e)cpo(ie)]-l 
T(eie) = (1 -is2% sin e)( 1 + isz% sin e)-* 
k(eie)=-x(cos e- ic ,s in  e)( i - isZx sin e)-I 

cpo(e it3 )-[(1-p1 - eie)(1-p2e-ie)/(1-p,  e-")(1 -pzeie)]"2 
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p,,z = Zl'( 1 - Z , ) (  1 + zI)-l 

x = [l  +z:(l)q(Z,M,)-'][l -z ; ( l )q(2,MJ1]- '  

Zi = tanh K i  K ,  = Ji/ kT 

g = -(SIC: - CIS$ cosh 7 - S$ sinh v)(sin e)- '  
Si = sinh 2Ki  

c: = c2s;' 
Ci = cosh 2Ki 

cosh T,( e) = (c,c; -COS e)(s,s:)-' 
s: = s;' 

Z,(  n )  = tanh( Jl( n ) /  kT) .  

Function Mn is the solution of the recursion equation 
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(9) 

M , , _ , = a + 6 2 ~ , , ( a M , , + Z ~ ( n ) ) - '  
(10) 

a = -sin e( cT +cos e) - '  6 = sT( c; + COS e)- '  

which is in agreement with boundary condition M,, = -Z 1 4. 
Near the critical point T, the solution of the recursion equation (10) was obtained 

by Blote and Hilhorst (1983) 

M ; ' = - ( Z l q ) - ' t * ( f + ~ - v , 2 ~ + 1 ;  t)*-'(-4+k-vV,2k-11; t )  

= ( 1 - A ')I2 v = A't5 t = 2(5-2+ s;;e2)1/2 5-1 = 9 r  (11) 

9 = 2( J,S;,' + J2) /  kT, 

where the subscript c means that the function is calculated at the critical point T,. 
The degenerate hypergeometric function * (a ,  c ;  t )  has the different small-t expansions 
for the different values of parameters a and c. Substituting these different expansions 
of the function * (a ,  c ;  t )  in (11) and further in (10) we have opportunity to analyse 
by the Szego theorem the magnetisation in the zeroth column of the lattice ( S o )  for 
the small T as a limited value ( N  + CO) of the Toeplitz determinant (9). The correlation 
function (3) may be analysed using the method described by McCoy and Wu (1973) 
and McCoy and Perk (1980). In the results of this analysis we came to the following 
conclusions. 

(i)  A f <  -1, T + O .  In this case the horizontal interactions near the zeroth column 
are so strong that the magnetisation in the zeroth column remains non-zero as T + T,: 

A '  = 2A/ kTSI, 

(so) = B ( A )  + o ( T ' / ~ )  (S,S,,) = B2(A)+O( N - I ) .  (12) 

This means that the system near the defect is in the ordered phase. The situation in 
this case is analogous to that on the inhomogeneous boundary of the semi-infinite 
Ising model described by Blote and Hilhorst (1983). 

(ii) A ' >  1, T + O .  In this case the interactions near the defect are so weak that the 
critical properties of the system are analogous to the critical properties near the free 
boundary of the semi-infinite model (McCoy and Wu 1973, Bariev 1979) 

(so) - T112 (S,S,,) - N-I.  (13) 

(iii) lAfl-= 1, 7 - 0 .  In this case the local magnetisation and correlation function 
have the following forms: 

(14) (so)- TBOL'*T) (soo~No) - N-d*'*N-') 
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where 

A(A’, 7) = tanh[A’(ln .r+ C(A’))] 
1 P(A’, 7) =-(COS-’ A(A’, T ) ) *  

C(A’) =ln(2S;,”29)+d=+O(A’) 

7 ( A ’ ,  N-’)=2P(Af, N - ’ ) .  

2T2 

C = Euler’s constant 

It is easily seen that expression (14) for A ‘ +  -1 and A ’ +  1 takes on the forms (12) and 
(13) respectively. In the region (3) the local magnetisation and correlation function 
exhibit the non-scaling behaviour that manifests itself in the fact that in the expression 
(14) p and 7 are the continuous functions of T and N respectively. In this situation 
it is impossible to introduce the critical exponents that are the basic parameters of the 
scaling theory. It is easily seen that expression (14) takes on the form ( 5 )  in first order 
in A‘. Thus the results of the phenomenological and rigorous approaches are in 
agreement. 

The author is grateful to A B Zamolodchikov, V A Fateev and M A Krivoglaz for 
helpful discussions. 
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